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Abstract 
Boundary element method, as a boundary-type computational method, offers some unique features 
that are most advantageous in material modelling. In this paper, both 2-D and 3-D multi-domain 
boundary element programs are developed for the analysis of various advanced materials. The 3-D 
multi-domain boundary integral equations (BIEs) formulation for thermo-elastic problems is 
established. A new proof of the non-degeneracy of the BIEs for general elasticity problems with thin 
shell-like structures is provided. Related numerical issues for more accurate and efficient evaluations 
of various nearly-singular integrals that arise in thin material regions using the BIEs are addressed. 
Numerical examples using the developed multi-domain BEM, ranging from stress singularity issues in 
thin multi-layer coatings and thin films, are presented to demonstrate the high accuracy and efficiency 
of the developed BEM in the analyses of advanced materials. 
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1 Introduction 
FEM and BEM are two important tools to address structural concerns for the overall integrity and 
performance of advanced materials. However, with the presence of thin shapes (thin films, interphases, 
thin regions among closely packed reinforcements), dimensional differences and other complex 
features, simulating advanced materials becomes a difficult task for FEM. FEM has a strict 
requirement on the element aspect ratios (e.g., no larger than 5) to ensure good mesh qualities and 
hence the simulation accuracy. This restriction puts a heavy burden on the simulation since extremely 
large models with fine meshes are needed to represent detailed configurations as well as to have 
smooth transition at the interface between different materials. It is often the case that the domain 
information computed by FEM after quite a lot effort is not even needed in the follow-up 
investigations. In cases of material modelling such as characterization, interface and load transfer 
study, structural responses on the boundaries and interfaces will be sufficient. 
This provides abundant opportunities for the BEM in simulating advanced materials. Due to its 
boundary-discretization and semi-analytical nature, BEM can achieve same level of accuracy for the 
desired information with much less computational effort than FEM. It becomes obvious that BEM is 
advantageous because of its own inherent features, which greatly reduce the complexity early in the 
modelling stage for advanced material simulation. 
In this paper, some of the theoretical bases will be laid out for the BEM simulation of advanced 
materials. First, the boundary integral equation formulation for thermal elastostatics will be reviewed. 
Then the BIE formulation will be derived for 2D/3D thermoelastic problems under uniform 
temperature changes directly from the thermo elasticity equations. Although in real structures the 
temperature change could vary greatly at different locations, there are indeed many cases where the 
temperature change can be assumed safely as uniform across the structure or material domain, 
especially when the material thickness is small. Next, the BIE formulation for multi-domain 
elastostaics will be presented. Finally, a new proof of the conventional BIE regarding degeneracy/non-
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degeneracy issues will be proposed for general problems with thin shapes. This helps revolve some 
existing concerns and further clarifies the nondegeneracy issue in BEM applications for thin bodies.  
 
2 Boundary Element Method for Multi-domain Elastostatics 
 
Based on the assumptions that each material domain is homogeneous, isotropic and linearly elastic, a 
general multi-domain BEM for 3-D elastostatic problems can be written as follows. For each material 
domain, we have the boundary integral equations: 
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In which superscript denotes a specific material domain; n is the total number of domains;   
   
and 
  
   
 the displacement and traction fields, respectively;    
   
 and     
   
 the displacement and traction 
kernels respectively; P the field point (integration point); P0  the source point; S the domain boundary;  
        the constant coefficient matrix depending on the smoothness of the surface S at the source 
point  P0. 
 
2.2 Multi-domain Assembly of Discretized Boundary Integral Equations 
 
The boundary integrals are evaluated after discretization and the BIEs for each domain are assembled 
into global system equations through the interface condition to obtain solutions. This multi-domain 
assembly procedure has been described in the literature [1,2], by considering two or three adjoining 
domains. However, an illustration in this way cannot serve as a general representation for the assembly 
process. In a multi-domain setting with complicated interface relations, a general approach will be to 
divide the domain boundary into two groups: the regular boundary and the interface boundary. The 
regular boundary belongs to that specific domain only and the interface boundary is a set of 
boundaries that interface with neighboring domains.  
Consider two arbitrary domains k and k 1. For domain k, the discretized interface BIEs with the 
source point P0 belonging to the interface boundary can be written as: 
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Here I
k
 is the interface boundary for domain k. 
If the total number of boundary nodes for domain k is n
k
  and the number of interface nodes on I
k
  is 
m
k
, T
k
  will be a matrix of size ndof xmkby ndof  x nk xmkand   
  
   of size ndof x m
k
   by ndof x m
k
 
. 
Similarly, for domain k 1, the discretized interface BIEs with the source point  P0 belonging to the 
interface boundary can be written as: 
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Where I
k+1
  is the interface boundary for domain k 1. 
If  I  refers to the intersection of  I
k
  and  I
k+1
, we will have the following displacement compatibility 
and traction equilibrium equations assuming perfect bonding at I : 
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Suppose the number of nodes in I is l . Taking interface conditions (38) into consideration, equation 
(36) and (37) with source point  P0  belonging to I can be assembled as follows: 
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Here   and   represent the subset of T and U respectively with the source point  P0 on the interface 
intersection boundary I . Therefore, the dimension of      will be ndof  x l  by ndof  xnk xland    
   
be  ndof  xl   by  ndof  xl   and so forth. 
 
The interface condition needs to be applied to corresponding BIEs whenever the source point  P0 
belongs to the intersection set of interface boundaries of two neighboring domains. Keeping this in 
mind, we can correctly obtain the global system of equations by assembling the remaining BIEs in a 
similar manner. Note that both displacement compatibility and traction equilibrium conditions on the 
interface between any material domains are explicitly satisfied in a multi-domain BEM formulation; 
while in multidomain FEM (displacement-based formulation), only displacement compatibility 
condition is explicitly satisfied. 
 
3.  Thin Film and Thin Coating Applications Under Thermal Loading 
 
The thermal expansion effect, the mismatch of the thermal expansion between the thin films and the 
substrates that leads to stress concentration along the interface, is one of the serious problems that 
causes dysfunction and failure of many thin film/coating applications. 
Some of the recent thin film applications under thermal loading by the finite element method (FEM) 
can be found in Refs. [3,7]. In these FEM studies, very fine finite element meshes are needed in order 
to accurately evaluate the stress field. For cases involving singular fields, such as interfacial cracks or 
stresses near the free edge of an  interface, even more elements are required, which can quickly make 
the domain-based FEM approach costly or inefficient. 
BEM approaches for thin films applications provide much more convenience. In Ref. [8], a Galerkin 
BIE/BEM is developed to accurately evaluate the derivatives of the fields (such as stresses), and in 
Ref. [9], the BEM based on an approximate Green’s function is developed. Both of these BEM 
approaches are applied successfully to the problem of electromigration-driven void dynamics in 
metallic thin-film interconnects [8,9]. In Ref. [10], a coating on an elastic substrate under a uniform 
change in temperature is studied using the commercial BEM software BEASY, with the smallest 
thickness-to length ratio for the coating being 0.025. Detailed studies of the singular stress fields near 
the free edges of the bi-material interface are performed and the failure criterion for a coated structure 
is also discussed in Ref. [10].  
In this section, thin coating covering an elastic cylinder is examined to demonstrate the high accuracy 
in solution and efficiency in modeling by BEM simulation, as compared with the FEM simulation. 
Then, a multi-layer thin film example under constant temperature change is analyzed to show the 
strong capabilities of the developed 2D BEM in simulating thin film/coating/layered structures. 
 
 
3.1  Multi-layer thin films 
 
Next, we consider a two-layer thin film system, shown in Figure 12.  
The two layers are made of silicon (top layer) and epoxy (bottom layer), and the dimensions are L = 
22.0 mm, h2 = 1.0 mm and h1 varies from 0.66 mm to 0.1 mm. The bottom edge of the model is fixed 
and the material constants used are: for silicon, 
E = 165.0 GPa,     = 0.25,    = 3.0 x 10-6 /°C; 
For epoxy, 
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E = 23.5 GPa,     = 0.30,    = 15.0 x 10-6 /°C; 
The temperature change is T = 100 °C. 
The stress distribution along the interface of the two materials under the thermal loading is 
investigated first. Fig. 13 shows the normal (peel) stress at the interface from x = 0 (left edge) to x = 
11 mm (center), for h10.66 mm,   using the developed BEM with increasingly larger numbers of 
boundary elements.  
The BEM results converge very quickly on the interface away from the edge (x 1.0 mm), with values 
from about 0.4 MPa in the center to 11 MPa at x = 1.0 mm. However, the results converge much 
slower near the edge (x = 0) of the interface due to the singularity of stresses at the edge of a bi-
material interface (see, Ref. [3] and the references therein). A BEM mesh with 196 elements, which 
uses more elements on the interface near the edge by non-uniformly distributing the nodes, is 
attempted and better results are obtained. Still, the BEM results for x 0.5mm are deemed unreliable 
due to the singular nature of the stress fields that oscillate very rapidly near the edge. 
             
 
The effect of the thickness of the film on the interface stress distributions is studied next. Figure 13 
shows the peel stress for three different thickness of the top film, from 0.66 mm to 0.1 mm. For all the 
cases, the BEM mesh with 196 elements is used and the nodes on the interface are distributed non-
uniformly in order to place more nodes near the two edges.  
From the results in Figure 41, it seems that there are little changes of the peel stresses in the middle 
part of the interface as the thickness of the top film decreases. 
However, the results show that the onset of the oscillation for the peel stresses is pushed toward the 
edges of the interface as the thickness decreases. Figure 15 shows the shear stresses at the interface for 
three different values of the top film thickness. Note that the magnitudes of the shear stresses are much 
larger than those of the peel stresses near the edge ( x 1.0 ~ 3.0 mm). 
The positive sign of the shear stress near the edge (  x = 0) is reasonable since the top film has a 
smaller coefficient of thermal expansion. The bottom film expands more compared with the top film, 
which will cause the top film to “pull back” the edge of the lower film along the interface direction. 
Again, the quantitative results for x 0.5mm are deemed unreliable due to the edge singularity. More 
discussion on the physics of edge singularity (such as the discussion on the two distinct singularity 
modes existing in the singular stress field) can be found in [3]. 
 
4. Discussions 
 
The developed 2-D BEM program has been demonstrated to offer greater accuracy, stability and 
efficiency in the modeling of composites and thin films/coatings in this paper as compared with the 
FEM.  
Due to the boundary-based discretization, the BEM mesh can be updated easily when the thickness of 
the thin layers (thin interphases, films or coatings) is changed, while for finite element method, totally 
different meshes need to be employed. When the thickness is relatively small, an extremely large 
number of elements need to be used in the FEM model. Using the FEM may not even be feasible to 
x 
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Figure 12: A two-layer thin film system. 
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analyze such problems, if the computing resources are limited. With incredibly few elements, 
boundary element method distinguishes itself in the analysis of thin-shell like structures. 
However, it should be pointed out that, at present, the developed thermal BEM solver could be slower 
than the commercial FEM for large BEM models. This is because much numerical integration needs to 
be done in the BEM approach in order to form the coefficient matrix, and these integrations must be 
done accurately to ensure the accuracy of the BEM results. Optimization of the integration process and 
solution methods in the BEM is possible, such as using the new multipole expansion techniques (see, 
e.g., [11,-15]) and the iterative solvers (see, e.g., [16,17] and the references therein). On the other 
hand, the commercial FEM software has been improved significantly over the years, and thus has been 
very much optimized regarding the solution efficiency. Even if the optimized BEM still runs slower 
than an FEM software, the efficiency of the BEM in the modeling stage (human time) can well offset 
the longer time in the solution process (computer time). The convenience of the BEM in handling the 
shell-like structures [18-22], and the accuracy of the BEM, make the BEM a very attractive, at lest an 
alternative, numerical tool for the analysis of such materials or structures. With further improvements 
and the development of an easy-to-use graphical-user interface (GUI) for the developed BEM, it can 
become an efficient, accurate, and yet robust numerical analysis tool for the materials research and 
development.  
 
  
 
 
 
 
 
 
 
-2 
-1,5 
-1 
-0,5 
0 
0,5 
1 
1,5 
2 
2,5 
0 1 2 3 4 5 6 7 8 9 10 11 
In
te
rf
a
ce
 N
o
rm
a
l S
tr
es
s 
(P
a
 x
 E
+0
7
 
Distance x (mm) 
40  Elements 
74  Elements 
112 Elements 
196 Elements (non uniform 
distribution) 
-2 
-1,5 
-1 
-0,5 
0 
0,5 
1 
1,5 
2 
2,5 
0 2 4 6 8 10 
In
te
rf
a
ce
 N
o
rm
a
l S
tr
es
s 
(P
a
 x
 1
0
 E
0
7
) 
Distance x (mm) 
h1 = 0.66 mm 
h1 = 0.10 mm 
h1 = 0.30 mm 
-3 
-2 
-1 
0 
1 
2 
3 
-1 1 3 5 7 9 11 
In
te
rf
a
ce
 S
h
ea
r 
St
re
ss
 (
P
a
 x
 1
0
 E
0
7
) 
Distance x (mm) 
h1 = 0.66 mm 
h1 = 0.30 mm 
h1 = 0.10 mm 
Figure 13: Results of the normal (peel) stress 
at the interface using the BEM (h1=0.66mm). 
 
Figure 14: Peel stress at the interface for different values 
of h1  (196 elements with nonuniform distribution). 
 
Figure 15: Shear stress at the interface for different values 
of h1 (196 elements with nonuniform distribution). 
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